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temperature fluctuations and heat flux relations
for several stability conditions with a sonic
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Miss. J. L. Jones

July 1991

Abstract

The theoretical relations for sonic temperature fluctuations and heat flux were
derived and investigated for stable, near neutral and unstable surface-layer condi-
tions. The parameters required were measured with a sonic anemometer, platinum
resistance thermometer and an Ophir IR-2000 hygrometer. The investigation under-
taken determined which of the relation terms were significant, enabling the degree
of departure from the theoretical relations for each specific stability condition to be
identified.

1 Introduction

Measurement of sonic temperature fluctuations are in general not equal to platinum
resistance temperature fluctuations (07, and oT respectively), similarly for sonic tem-
perature flux (w'T’s) and PRT temperature flux (w'T"). This report underlies the degree
of departure from the above case for each stability condition by the use of the theoretical
relations established by Kaimal and Businger, 1963 and the first estimate of the error
terms deduced by Kaimal, 1969. Determination of these required direct observation of
all the correction terms contained within the relations.

The stability ranges studied were of three types:- stable, nearly neutral and unsta-
ble conditions. Stable conditions, involved weak, sporadic turbulence characterised by
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statically stable air causing short bursts of turbulence. Whereas, nearly neutral stabil-
ity had a turbulence intensity equal in all directions having been formed from unstable
turbulence decay as a result of cold air advection. Finally, unstable conditions involved
convectively driven turbulence where sources of heat transfer included those from a
warm ground surface, which create thermals of warm air rising from the ground layer

and radiative cooling from cloud layer tops, creating sinking cold air thermals.

Measurement of the three vertical turbulent fluxes; heat, momentum and moisture
were made. This was of value since the work undertaken by Kaimal, 1969 indicated
the result that the sonic derived temperature was affected by humidity and velocity
fluctuations and that the sonic derived temperature flux was affected by humidity and

momentum fluxes.

The various aspects of the experiment have been subdivided into the subsequent
sections: sonic anemometer theory (section 2); instrumental set up and description

(section 3); experimental data analysis (section 4); conclusions (section 5).

2 Theory

For sonic anemometer temperature calculation temperature measurements with a sonic
anemometer turbulence probe such as that below, Figure 1, involve the transmittance
of ultrasonic pluses back and forth between transducers (Figure 2).
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Figure 1: TR-61A Turbulence Probe

Figure 2: a) Transducer Sketch
b) Velocity vector diagram: ¥— mean wind at d to transducer path
: vy — ver component along path

v, — ver component normal to path

Transit times for pulses emitted by one transducer and received by its partner, given

by equation (1).

L L
ety i cniee g (1)
ccos o+ vg ccos o — vy,

where ¢ = speed of sound

o = sin"!(v,/c)

By the addition of the reciprocals of the transit times a relation in terms of the

speed of sound is found, equation (2)

SR (1+1> @)

2cos E E

The sound velocity given by (3) shows it to be temperature dependent

¢* =YRT(1+0-61q) (3)

where 7 R = 403m?s~2k~!
T = temperature

q = humidity (specific)

The sonic anemometer output, 7, can then be obtained: equation (4) as shown in

Appendix 1.

VS Ik Sl L
n=palata) “
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Temperature, humidity, angle a and speed of sound can be separated into mean and

fluctuating parts (denoted by overbars and primes respectively) as shown by (5)

T =T 1" (5)
¢=q+¢ (6)
cosa = Cos & + cos o' (7)
c=¢ct+¢ (8)

A 1st-order Taylors expansion and subsequent substitution produced the following

important results.

mean sonic temperature, ’T‘, :

T,=T(1+0-617) 4 (9)

fluctuating part of sonic temperature, ¢ Bk

ey
ﬂ=1W+m6mT——§nK{ (10)
c

sonic temperature variance

o’T, =T? = 0} +1-22T ¢T" + (0 - 61)*T"0?

aT'a , 4
t =50, =

= TuoT - 22 g g (11)

2 c?

o

correlation of T, with vertical velocity w:

w'T}:W-{-O’Gl‘T—W‘ Tauw' (12)

The derivations of (9) to (13) are contained within the Appendixes with the analysis
of (12) and (13) given in section 4.




3 Instrumental Set-up

The field experiment was conducted with the use of a meteorological mast, at the
Meteorological Office Research Unit, Cardington. The surroundings of the mast con-
sisted of flat grassland a distance away from obstacles, in the form of buildings. Several

instruments were employed during the experiment which are described below.

A three-dimensional Kaijo-Denki sonic anemometer, model DAT-300 was used. A
directional head sensor (model TR-61A) with a vertical sound path and two horizontal
sound paths with 120° intersecting angle produced measurements of the three velocity
components u,v,w at a maximum frequency response of 20Hz. The manufacturer quoted
accuracy being +1% and of resolution 0-5 cms™!. The length of each sound path was
0-2m with the sound transducers diameter about 15mm. The wind velocity range started

from zero to a maximum of 30 m/s.

Temperature fluctuations were measured by two methods. Firstly, by the installa-
tion of a platinum resistance thermometer consisting of a 25um diameter helical coil
of 15000 nominal resistance. This was mounted within the measuring volume of the
sonic anemometer attached to the frame. And, secondly by the use of the ultrasonic
anemometer speed of sound deductions from sonic flight path times between transduc-
ers. The sonic anemometer with its thermometric capability had a zero inertia time
along with a response time of 0-05 sec. The thermometer design prevented radiant heat

effects with the advantage of a zero thermal capacity.

Atmospheric humidity fluctuations required the use of an Ophir IR-2000 hygrometer
(dual wavelength) capable of fast response measurements. The dual wavelengths used
were a 2 - 50um reference channel and a 2-60um absorption channel - use of which
avoided a weak CO, absorption band.

Extinction of aerosols and water droplets over the 2-50 - 2:60 um frequency band
was expected to vary only slightly and be much less in magnitude than the vapour

absorption.

The construction of the instrument allowed both the source detector and electronics
to be housed in a cylindrical head. Entry and exit of radiation through the IR hygrom-
eter took place through windows in its lower face with reflection occuring at a mounted
mirror situated within the lower end of the open frame above a shielded temperature
sensor. The quoted manufacturers path length was given as 56-2cm with communica-
tion via a RS-422 serial line - cable lengths up to 300m - and a unit indicator module
(U.LM.). The UIM facilitated interfacing to a selection of data logging systems.
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Calibrated data at 1Hz for absolute, dewpoint and relative humidity was available.
Over the operational dewpoint range (-40°C to 40° C) the quoted accuracy and resolu-
tion were 1-0°C above 0-0°C to 1-5°C below 0-0°C and 0-2°C above 0-0°C to 1-0°C at
-40°C respectively.

The whole array of turbulence instruments were mounted on a mast at a height of
12m with the sonic anemometer and IR hygrometer side by side. The centres of the
working volumes of the two instruments had zero vertical and a horizontal separation of
Im. A remotely controlled rotator allowed the mount to be turned into a position so that
it faced across the mean wind direction which effectively pointed the sonic anemometer
into the wind.

The relatively bulky nature of the sonic anemometer and hygrometer, 0-5m maxi-
mum dimensions, meant that a separation of 1m was required between the recording
instruments. This took into consideration minimisation of mutual flow distortion effects
generated between the instruments, as well as the attempt to maintain correlation be-
tween both measurements. All the instruments analogue outputs were taken as inputs
to one 12-bit A/D converter. This had a digitization rate of 20-76Hz. A recording rate
of 10-38Hz was calculated by the averaging by 2 of the digitized data.

4 Results

This section discusses the verification and degree of correlation with relations (11) and
(12) from the data observed, over the three stability ranges.

For the calculation of the variances and covariances the collected data were linearly
detrended and the vertical components rotated so as to give zero mean lateral and
vertical components. .

The total experiment involved observations from several days, which produced a
large quantity of data. During each day, data was recorded in runs of 2 hours duration
after which the quantity of data was reduced by subdivision into 10 and 30 minute
averaged sets for later analysis.

A means of determining which data groups falls into the respective stability condi-
tions was done from the sign of the groups dimensionless value Z /L.
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where Z - height above ground level.
L - Monin Obhukhov length; calculated from PRT temperatures.
Z/L varied greatly with the stability conditions.

For nearly neutral conditions Z /L is theoretically zero though for our case an exper-

imental nominal band width, given below, was used to delimit such a stability.

—0:025< Z/L<0-025 (13)

The sonic temperature variance 02T, was first considered. A value for ots was
obtained directly from the sonic anemometer output. This valve was related by means
of equation (11), applicable in all stability conditions, to the humidity data of the

hygrometer, wind velocity of the sonic anemometer and PRT temperature.

4.1 Variances
4.1.1 Stable

For measurements made under stable conditions it was found that all the terms on the

right hand side of (11) were negligible except the first.

A term which produced a magnitude variation of less than 5% of the whole relation
was assumed to have a negligible effect.

For stable conditions relation (11) can be reduced to

or, = O (14)

Relation (14) holds very well with the theoretically ideal linear correlation. On
average or, was 2% greater than or.

From the right hand side of equation (11) the o7, correction terms were computed
successfully, initially by the inclusion of the first term, as above. Then by increasing
the number of terms one by one, in the approximation to be plotted against or,, until
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all six terms were included. The slopes given by the figures were obtained by a least
squared fit line through the origin.

Analysis of increasing stable approximations showed similar slopes to those of the
direct or,, or relationship given by Figure 3, though there was a general variation of
+1% from perfect behaviour. Development of the successive approximations produced a

decreasing slope trend, indicative of a worsening effect on the correlation. In an attempt

to explain this effect a study of possible correlations between ¢'T", ¥'T" and u'q’ from

equation (11) was considered.

On observation of all the 3 individual terms it was found that there was no correlation
between the parameters. Analysis of the relative magnitudes of all the terms other than
0% indicated that all the terms were small and could be termed negligible in comparison
with the 97% contribution from or. Correction terms though negligible in themselves
with relative contributions of: 1% - term 2 and 5, 1-5% - term 3 and independent of term
4 and 6 manifest themselves in an accumulative manner. This gradual accumulation of
small correction terms due to successive approximations lies consistent with the manner

of the correlation deterioration given by Figure 4.

Relation (14) provided the best approximation from the data analysed indicating
that fluctuations in sonic temperature readings were equivalent to those produced by a
platinum resistance thermometer with the data spread of o, ~ 2 -5 spread or.

4.1.2 Nearly neutral

For measurements taken during nearly neutral conditions, it was found that a more
complicated relationship existed than that for stable data. Analysis of the data in the
same manner as for stable conditions resulted in the conclusion that fluctuations in sonic
temperature under neutral conditions follow the relationship below. Its verification if
given by Figure 5.

o

(?)

0%, =0 +1:-22T ¢TT + (0- 61)27202q + oy (15)

T
G = i—:ﬁ'u' T
c?

For a rough approximation the equation below is sufficient for and calculations,
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shown in Figure 6.

o3, =02+1-22T ¢T" (16)
where 0% contributes relative magnitude of 30% and second correction term 29% to
o%,. Relation (16) has a data spread equivalent to 80% spread of 0%,

Overall, relation (15) provided the best approximation to 0%, under near neutral
stability with a departure of 3% from the ideal one: one relationship compared with
that of 9% for equation (16).

From the improved approximation (15) which well approximated linear behaviour,
it was found that o2 > o3.,.

Figure 7 gives the analysis of increasing approximations for nearly neutral data.

The addition of increasing correction terms to approximations, up to the 4th, saw
a gradual worsening of the correlation though a significant improvement was seen for
relation (15) by the addition of term 5. Though term 4, contained o2 which would have
been assumed to be of negligible effect, its omittance produced a change in the linear
plot of Figure 5 by +6% causing a subsequent reversal so that op, > or

As a contrast between stable an neutral conditions; during nearly neutral stability
the relative magnitude of 0% was much less equivalently % less than that for stable
conditions. This was compensated by the magnitude of terms 2 and 3 (¢T" and o?)
which had a greater relative importance in this stability range.

A study of the decline in the slope accuracy by the investigation of possible relation-

ships between ¢'T", /T’ and u'¢’ resulted in a relationship between u'T" and ¢'T', Figure
8. The linear relationship holds well though as ¢'T" and u/T" increased the spread of the
data similarly increased. As with all the stability data observed, there was only a small
variation , averaged at 4%, between 10 and 30 minute averaged data.

Under neutral conditions the correlation of Figure 8 was distinct. From a slope of
0-44 and substitution to (11) the following relationship below was formed, Figure 9.

=2
T, = 0% + 3T WH% 220y (17)
[

The gradual deterioration and then sudden improvement of the gradient found from
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use of equation (15) can once again be explained by accumulation effect of positive
terms 2 to 4. The correction terms within (15) had relative magnitudes of 30%, 28%,
31%, 4%, 6% and a data spread equivalent to 90% spread of O,

The errors involved during near neutral conditions (3%) were in general larger than
those for unstable and stable conditions which can be explained for the unstable case
due to a shift of spectral peaks at higher frequencies. An investigation carried out
by Schotanus et al., 1983 indicated that for values of or, lower than 0-5 then the or,
approx. terms < or,. This result has only been partly verified here since the data sets
analysed had sonic temperature fluctuations only less than 0-5k and the paper adds
that for o7, > 0- 5 then neutral data was approximated by

03,2 0n+1-22T ¢T (18)

However, the resulting or,, or magnitude change from successive approximations
may be explained by the consideration of the thermal response time of the platinum
resistance thermometer which could have caused an error in the measured or for this

stability case.

Term 6 of relation (15) was found to have a negligible effect on fluctuations in sonic

temperature under near neutral conditions.

4.1.3 Unstable

For a correlation which closely followed a one: one linear relationship, the first four
correction terms from relation (11) were required, enabling for unstable conditions this
relation to be reduced to (19) below

2

(4_21.1)2 wlo’u (19)
¢

07, =03 +1:22T gT" + (0-61)* T'0? +

This relation holds very well as shown by Figure 10 with values of or, on average 3%
less than those of the approx o7,. Initial approximations gave low gradient representa-
tions of a 6 - 10% variation from the theoretically derived relationship (11). Addition
of successive corrections terms to the approximation produced a marked improvement
though prevented from perfect correlation by the stated 3% variation. An investigation
into the apparent negligibility of correction terms 5 and 6 contained within relation
(11) resulted solely in the clarification that the magnitude of the terms, 2% and 1%
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respectively, were insignificant and was not as a result of a relationship between any
other parameters within the relation. The dominant term in relation (19) above was
that of o which contributed 78% of magnitude of approximation with terms 2 and 3;
9% each. The o? term though of only 2% magnitude was a justifiable correction as its
ommitance produced a known deviation in the slope of 4%. For experimental conditions
under which rough approximations to fluctuations in sonic and PRT temperatures may
be made, (+ 5%) a further reduction in relation (11) is permitted leading to (16). Figure
11 verified this relationship with or noticeably greater than o7,. For both the improved
and rough approximations to o, in unstable conditions the spread of the 0% data was
equivalent to { spread of 0%, data with a fractional contribution of the whole from the

first two terms of ;% and 1 respectively.

The attempt to realise any relationship between the mean terms had the conclusion

that for unstable conditions the terms were effectively independent of each other.

The successive correlation improvement that occurred, as shown by Figure 12, re-
sulted in an increase in the slope for each term other than fourth until it obtained a
magnitude > 1-0. The corrective fourth term had a 5% reduction effect which resulted

in the significantly improved approximation (19).

4.2 Covariances

The covariance flux given by (12)) was next considered, to likewise deduce the degree
of correlation for each atmospheric stability condition.

4.2.1 Stable

For stable conditions, successive approximations to the covariance flux were drawn.
Analysis of the figures resulted in the reduction of relation (11) to (20) below

w'T! = w'T" (20)

Figure 13 illustrated well the degree of correlation present between the two param-
eters. From direct calculation, it was observed that this simplified relation proved to
be the closest to perfectly correlated data, of the three approximations, with a slope of
0-96. On average w'T! had a larger value than approx to U’T‘f; 3% greater in magnitude.

11
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In addition to (20) above an investigation of correlations contained within (21) and (22)

below were also undertaken

wT', =wT' +0:-61T w'q (21)
e, ST — SRR TN =) ) ey
wTl' =wT' +0-61T w'q = Tuu'w' (22)
c

Graphical analysis led to the result that for stable conditions as the number of
correction terms contained within the sonic heat flux increased, relation (11), so did the
degree of deviation from true one: one linear relationships. The successive deviations

brought about by each term being represented by Figure 14.

For relation (20) the ignored w'q’ and w'w’ correction terms were found to have a
slight effect on the overall relation only, contributing relative magnitudes - in comparison
to the whole relation - of 5% and 3% respectively. The successive correction terms had
in addition % spread distributions of 65%, 25% and 6-5%.

The third approximation by the inclusion of the u'w' term caused a slope deviation
of 12% though the term had only a 3% effect on correction terms 1 and 2.

The relative order of importance of terms is given by the order of the terms in (11),
with regards to their magnitude and spread, with w'7" the greatest contributing factor.
These findings show that under stable conditions the measured sonic covariance heat
flux is equivalent to the PRT covariance heat flux. Determination of an explanation as to
the reason why terms 2 and 3 were insignificant under stable conditions was undertaken
by the correlation of moisture flux (w'q/) and momentum flux (uww’) to observe if any
relationship existed which was producing an effective cancellation of the terms.

As a result, the latter two terms vary the relation little as their magnitude were
small.

Both 10 and 30 minute averaged data was employed for the analysis and it was found
that there was no real significant difference between the values of the two averaged -
timed sets.
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4.2.2 Neutral

Under the stability range of nearly neutral conditions a more complicated relation was

required, to obtain a sufficient correlation of w'T, and w'T". This involved the addition
of all three approximations, as in equation (11), which for the data gathered provided
the best approximation.

2

wT', =wT' +0-61T wq — = TT uw' (23)

o

This approximation correlated well and is illustrated in Figure 15. On average w'T",
was equivalent to the RHS of equation (11) with a deviation of only 1% from perfect
slope calculation.

A study of the % importance of each term resulted in contributions of 80%,18%, 2%
for terms 1 to 3 respectively though the spread of the relationship was dominated by
the latter two correction terms each contributing 40%

As the addition of correction terms plotted against the sonic heat flux covariance
successively increased a marked improvement in the degree to which the theoretical one:
one relationship was obeyed occured.

Figure 16 shows this graphically with the correlation of w'T, against w'T" signifi-
cantly worse than that for stable stability.

Analysis of relation (11) for nearly neutral conditions revealed that the moisture flux
was an important correction term when combined with the PRT heat flux in order for
a reasonable approximation to sonic heat flux to be made. Though this property was
not as distinct in stable and unstable conditions.

For nearly neutral data, the RHS was a poor approximation to sonic covariance heat
flux of equation (20)

W, = WT (24)

with w'T" contribution of 80% the magnitude of w'T" and an error of 40% in the
slope determination an indication of the significance of the omitted terms of relation
(11) is given. In theory, neutral stability occurs when there is a zero heat flux,

13
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The second approximation improved the correlation rapidly due to the significant
w'q' term causing a reduction in the gradient error to 13%, though the relation involving
all three terms was by far the best correlation.

The possible correlation of w'q’ and w'w' was considered similarly for nearly neutral
data. Figure 17 shows the négative gradient relationship. Though the trend was limited
due to the small magnitude of the plots and the presence of data scatter a correlation
between moisture flux and momentum flux was apparent though its exact magnitude
was difficult to observe.

4.2.3 TUnstable

The best approximation to unstable conditions involved all three terms of the sonic
covariance heat flux relation (11), given below.

wI', =wT' +0-61Twq — = Tavw (25)

which varied from perfect one: one correlation by 3%. This best approximation to
unstable conditions, Figure 18, can be seen to obey the theoretical relation extremely
well. From Figure 18, on average the three termed approximation to w'l"; > w'lt:

As means of a comparison additional analysis of the further two approximations
were made. A graphical investigation resulted in the conclusion that for unstable con-
ditions, as the correction terms added to PRT covariance heat flux increases so does the
correlation with the sonic heat flux. An illustration of this is given by Figure 19.

The three flux terms contained within (11) were found to contribute varying relative
magnitudes with PRT temperature flux the major contributor - 93% with % magnitude
of moisture flux and momentum flux 4% and 3% respectively. Though, the spread of
each term was large compared to the two further stability conditions, of 47%, 32% and
21%.

Determination of whether the momentum flux was related to the humidity flux pro-
duced a large data scatter so no relationship could be defined under unstable conditions.
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5 Conclusions

Simultaneous measurements from a sonic anemometer, platinum resistance thermometer
and an IR-hygrometer were presented. A brief review of sonic anemometer theory for
temperature calculations was carried out along with the derivation of expressions for
the sonic anemometer temperature variance and heat flux for stable, nearly neutral and
unstable turbulence conditions. With the aid of direct measurements of temperature
and humidity fluctuations the degree of departure from the derived relations for each
stability range was determined along with the best simplified relation for an accurate

correlation. The following results were obtained.

5.1 Stable

1. Sonic temperature fluctuations are equivalent to PRT temperature fluctuations to
within ~ 2°

OT, =07 (26)

2. Best approximation to covariance heatflux.

Rough approximation 92% accuracy

w'T's = w'T" (27)

Improved approximation 97% accuracy

wT', =wT' +0-61 Tuw'qg (28)

5.2 Neutral

Further complex correction terms are required to achieve good correlations, than for

stable and unstable conditions.

1. Sonic temperature fluctuations can be approximated by:

15



T o o 4
o'T, =o’T +1-22 TqT + (0-61)*T" 0’g + —— wou (29)

W
N

v u'T"

~

c

2. Covariance sonic heat flux relation for neutral data

m—— 2= —
w’T,’=wlT'+0'61Tw’ql_c”_fTﬁu, 4 (30)

98% accuracy

5.3 Unstable

1. Variance of sonic temperature fluctuations correlation

0’T, =0’T +1-22 T ¢T" + (0 - 61)2 T 0% (31)

2. covariance sonic heat flux relation.

R A e e e A R
WwT =wT +0-61T wq — Tuuw (32)
Cc

97% accuracy

16
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Appendix

Appendix A

(1/t1 +1/t3) = (

The sound velocity is given by:

¢® =4RT(1 +

1/t = 1/ty)"=

2ccos o

7 )

0-61q)

4c? cos? o
12

4YRT(1+0-61g)cos’ @

(1/t; +1/t)* =

T=1T,
bl
3—4’7R t1
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Appendix B

(A6) becomes:

T, =T(1+0-61q)cos’

T, =T(1+0-61g)

from mean and fluctuating parts of terms given by (s)

T,=(T+T')(1+0-613+0-61¢')(cosa + cos a')?

but

19
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T,=T cos?a+ 2T co5@ cos o + 0-61 gT cos? o

+220-61 gTcosacosa’ +0-61z2 Tq'cos@cos o

+T' cos? a + 2 T co8 G cos o' +0:617T gecos? a

+2z0-617T'gcosa cosa’'+0-61¢' T cos’ a+2z0-61¢'T'z o5 cos o

(B7)
but
T, = Ta i T,’
(B8)
for
T, = —Tcosza+0-617T cos? o
(B9)
T,=T(1+0-617)
(B10)
From the remaining terms and substitution
T,=T+0-614T - 2?21: vn vn'
(B11)
Appendix C
Calculation of the variance of T
b
T,=T +0-61¢' T - C—Ff Un V)
(C1)
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T, =T, =(T"+0-61¢'T - ?g Unv,)*
(C2)
® 0T, = T'2+2x0-61q'TT'—2T'T'sz:,
+(0-61)*¢'?T" — -———zx(c)z' o ¢ T'v v,
4 Se Al 2z0-61 —
= 'c—zT’T‘UnvL = —CT— 2ﬁv;q'
4
+ C—;th_lzz U:?
(C3)
® but
Vi =y
(C4)
variance
oT? = %, (T-T)Y:=%x ()4
(Cs)
T'?=0T?
@& (Ce)
also
¢%=0g
(C7)
Pl
. (C8)
S0
T, = o’T + 1-22TgT + 422 gy
(c?)?
=2 Ty T
+(0-61)2T" 0%q — 4T -2, 44% *Tulq
(C9)
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Appendix D

Covariance, correlation of 7, with the vertical velocity w

LR gl o
& w'T) =w'(T' +0-61¢'T — o Upvl)
(D1)
BT E Ol
=w'T' +0-61w'¢T — —t;)Tﬂv:t
c
(D2)
Un = u and by taking means over all factors (w, T, g, u)
@
ot PRI E i
wT,=wT +0-61uw'q'T — — sw'v
c
(D3)
i
|
@
@
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